K0 of a semilocal ring  by Facchini, Alberto & Herbera, Dolors
Journal of Algebra 225, 47–69 (2000)
doi:10.1006/jabr.1999.8092, available online at http://www.idealibrary.com on
K0 of a Semilocal Ring∗
Alberto Facchini
Dipartimento di Matematica e Informatica,
Universita` di Udine, 33100 Udine, Italy
and
Dolors Herbera∗
Departament de Matema`tiques,
Universitat Auto`noma de Barcelona,
08193 Bellaterra (Barcelona), Spain
Communicated by Kent R. Fuller
Received August 16, 1998
Let R be a semilocal ring, that is, R modulo its Jacobson radical JR is artinian.
Then K0R/JR is a partially ordered abelian group with order-unit, isomor-
phic to Zn;≤; u, where ≤ denotes the componentwise order on Zn and u is
an order-unit in Zn;≤. Moreover, the canonical projection pi:R → R/JR
induces an embedding of partially ordered abelian groups with order-unit
K0pi:K0R → K0R/JR. In this paper we prove that every embedding
of partially ordered abelian groups with order-unit G→ Zn can be realized as the
mapping K0pi:K0R → K0R/JR for a suitable hereditary semilocal ring R.
© 2000 Academic Press
1. INTRODUCTION
Close attention has been paid recently to semilocal rings and to mod-
ules with a semilocal endomorphism ring. Various classes of modules with
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a semilocal endomorphism ring have been discovered, and direct sum de-
compositions of modules belonging to these classes have been studied. For
instance, artinian modules have a semilocal endomorphism ring [6], and
their direct sum decompositions were studied in [12], where it was proved
that the Krull–Schmidt Theorem fails for artinian modules. Similarly, serial
modules of finite Goldie dimension have a semilocal endomorphism ring,
and the study of direct sum decompositions of these modules has shown
that the Krull–Schmidt Theorem fails in this case also [11]. Other classes
of modules with a semilocal endomorphism ring are modules linearly com-
pact in the discrete topology and, more generally, modules of finite Goldie
dimension and finite dual Goldie dimension [15].
If S is a ring, the natural way to study the direct sum decompositions of
a right S-module MS is to consider the full subcategory addMS of Mod-S,
whose objects are the direct summands of the direct sums of finitely many
copies of MS . If R denotes the endomorphism ring of MS , the category
addMS is naturally equivalent to the full subcategory P-ModR of Mod-
R, whose objects are the finitely generated projective right R-modules. And
one of the possible ways to study the direct sum decompositions of finitely
generated projective modules over a ring R is to consider the pre-ordered
group with order-unit K0R. This led us to the study of the pre-ordered
abelian groups that can be realized as K0 of a semilocal ring.
If R is a semilocal ring, then K0R/JR is an abelian group freely gen-
erated by the finite set  NR  NR a simple right R-module. Let n be
the rank of K0R/JR and let ≤ denote the componentwise order on Zn,
that is, the order defined by a1; : : : ; an ≤ b1; : : : ; bn if ai ≤ bi for every
i = 1; : : : ; n. Then K0R/JR is order isomorphic to the partially or-
dered abelian group with order-unit Zn;≤; u for a suitable order-unit u
in Zn;≤. The isomorphism Zn ∼= K0R/JR is any isomorphism h that
sends the free canonical set of generators e1; : : : ; en of Zn to the set of
generators  NR  NR a simple right R-module of K0R/JR. If we de-
note by pi the canonical projection of R onto the semisimple artinian ring
R/JR, then the group homomorphism K0pi:K0R → K0R/JR is
also an embedding of pre-ordered groups with order-unit. Therefore, as an
abelian group, K0R is finitely generated and free, and, as a pre-ordered
group, it can be embedded in Zn;≤. Since for a semilocal ring R finitely
generated projective modules cancel from direct sums, stable isomorphism
classes and isomorphism classes of finitely generated projective R-modules
coincide. Therefore the order structure of K0R encodes the direct-sum
behavior of the finitely generated projective modules. For instance, since
there exist semilocal rings over which the Krull–Schmidt Theorem fails for
finitely generated projective modules, the K0 of these rings cannot be iso-
morphic as a partially ordered group to Zm with the componentwise order.
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The aim of this paper is to prove that given any partially ordered sub-
group G of Zn;≤ and any order-unit u of Zn such that u ∈ G, if f :G→
Zn denotes the embedding, then there exist a semilocal hereditary ring R
and two isomorphisms of partially ordered groups with order-unit G →
K0R and h: Zn → K0R/JR such that the diagram
G
f−→ Zn
↓ ↓ h
K0R
K0pi−→ K0R/JR
(1)
commutes.
The entire paper is devoted to proving this result. For the proof we need
to develop some theory about the partially ordered subgroups of Zn;≤.
It turns out that if G is such a subgroup, then its positive cone G+ is a full
affine subsemigroup of Nn, a kind of subsemigroup studied, for instance, by
Hochster [17]. Therefore, if R is a semilocal ring, the mapping K0pi+ em-
beds K0R+ in K0R/JR+ as a full affine subsemigroup. We prove that
a full affine subsemigroup M is the quotient of a suitable finitely gener-
ated semigroup Br = BrM modulo the congruence generated by a finite
set of relations. This observation allows us to follow a technique used by
Bergman [4] to construct rings R with prescribed semigroup S⊕P-ModR
of isomorphism classes of finitely generated projective modules. The rings
obtained using this construction are not semilocal, but they can be trans-
formed into semilocal rings by localizing with respect to a set of square
matrices [9]. In general, it is difficult to control the behavior of the semi-
group S⊕P-ModR under localization, but we succeed in doing that be-
cause the rings we obtain using Bergman’s constructions are hereditary and
because the semigroups we deal with are very special. These two facts allow
us to use results from [19] to ensure that, in our situation, the semigroup
S⊕P-ModR does not change under the localization.
We prove our main result in Section 6. First, in Theorem 6.1, we show
a semigroup version of it, and as a consequence we get in Theorem 6.3
the characterization of the K0 of a semilocal ring stated in the abstract.
In the previous sections we prove preliminary results and introduce the
techniques used in the proofs of Theorems 6.1 and 6.3. In Section 2 we
recall the basic results on the pre-ordered group with order-unit K0R
and the semigroup S⊕P-ModR. In Section 3 we introduce full affine
subsemigroups; in particular we define the semigroups Br . Section 4 gives
us the tools to construct semilocal rings, applying localization with respect
to a set of square matrices to hereditary rings, and in Section 5 we study
the behavior of the semigroups S⊕P-ModR under localization.
In this paper we deal with finitely generated projective modules over
semilocal rings, but since the rings we construct are hereditary, any projec-
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tive right R-module is a direct sum of finitely generated projective mod-
ules [1]. The structure of general projective right R-modules over a semilo-
cal ring seems to be an intriguing problem. In [13] Gerasimov and Sakhaev
constructed an example of a semilocal ring R such that any finitely gen-
erated projective right R-module is free, but there is an indecomposable
projective right R-module P that is not finitely generated, and P/PJR is
finitely generated. The idea of the example in [13] and the example in [18]
were the original inspiration for the proof of our main result.
It is well known that every finitely generated projective module over an
indecomposable commutative semilocal ring is free. This implies that for a
semilocal commutative ring R there exists a natural number m such that
the partially ordered abelian group with order-unit K0R is isomorphic to
the partially ordered abelian group with order-unit Zm;≤; 1; : : : ; 1. It is
worth mentioning that Hinohara proved in [16] that any projective module
over an indecomposable commutative semilocal ring is free.
2. PRELIMINARIES ON THE PRE-ORDERED GROUP K0
Throughout, semigroup means additive semigroup with zero, and ring
means associative ring with identity 1 6= 0. If R is a ring, we shall denote
the Jacobson radical of R by JR. All modules will be unital right modules
unless otherwise specified.
In this section we shall briefly recall the definition and the elemen-
tary properties of the pre-ordered abelian group with order-unit K0R.
For a nice presentation and a more detailed introduction to the subject
see [14, Chap. 15]. For a ring R let P-ModR denote the full subcategory of
Mod-R whose objects are all finitely generated projective right R-modules,
and for any R-module AR ∈ P-ModR let AR denote the isomorphism
class of AR. The set S⊕P-ModR =  AR  AR ∈ P-ModR  is an ad-
ditive semigroup with respect to the operation defined by AR + BR
= AR ⊕ BR.
Recall that two modules AR;BR ∈ P-ModR are said to be stably iso-
morphic provided AR ⊕Rn ∼= BR ⊕Rn for some positive integer n. For any
R-module AR ∈ P-ModR let AR denote the stable isomorphism class
of AR, that is, the class of all modules stably isomorphic to AR. Then
K0R+ =  AR  AR ∈ P-ModR  becomes an additive semigroup with
the cancellation property with respect to the addition defined by AR +
BR = AR ⊕ BR. In particular, K0R+ is contained in a smallest abelian
group K0R =  AR − BR  AR;BR ∈ P-ModR . In the group K0R
we have A − B = C − D if and only if the modules A⊕D and B⊕C
are stably isomorphic. There is a canonical surjective semigroup homomor-
phism S⊕P-ModR → K0R+ that sends each AR to AR.
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Remark 2.1. If the semigroup S⊕P-ModR has the cancellation prop-
erty, then K0R+ = S⊕P-ModR.
If ϕ:R→ S is a ring homomorphism and AR is a finitely generated pro-
jective right R-module, then A⊗R S is a finitely generated projective right
S-module. Hence ϕ induces semigroup homomorphisms S⊕ϕ: S⊕P-
ModR → S⊕P-Mod S and K0ϕ+:K0R+ → K0S+ and a group ho-
momorphism K0ϕ:K0R → K0S. Given a finitely generated projective
right module AR, there exist a positive integer n and an idempotent n× n
matrix M with entries in R such that MRn ∼= AR. Let M ′ denote the n× n
matrix obtained by applying ϕ to the entries of M. Then A⊗R S ∼= M ′Sn,
so that S⊕ϕAR = M ′Sn and K0ϕAR = M ′Sn.
On the abelian group K0R there is a natural pre-order ≤, that is, a
reflexive, transitive relation. It is defined by A − B ≤ C − D if and
only if A⊕D⊕E⊕Rn ∼= B⊕C⊕Rn for some finitely generated projective
right R-module E and some positive integer n. The elements ≥ 0 in K0R
are exactly those that can be written in the form A for some finitely
generated projective right R-module A, that is, K0R+ is the positive cone
of K0R with respect to the pre-order ≤.
An element u ≥ 0 in a pre-ordered group G is an order-unit if for every
x ∈ G there exists an integer n ≥ 0 such that x ≤ nu. Hence u = RR is
an order-unit in K0R. Observe that if ϕ:R→ S is a ring homomorphism,
then the abelian group morphism K0ϕ respects the order, i.e., x ≤ y in
K0R implies K0ϕx ≤ K0ϕy in K0S, and sends the order-unit
RR of K0R to the order-unit SS of K0S.
In general, if G1 and G2 are pre-ordered abelian groups with order-unit
u1 and u2, respectively, we say that a group homomorphism f :G1 → G2
is a homomorphism of pre-ordered groups with order-unit if f respects the
order, i.e., x ≤ y in G1 implies f x ≤ f y in G2, and f u1 = u2. We say
that f is an embedding of pre-ordered groups with order-unit if, in addition,
f is injective and for any x; y ∈ G1, f x ≤ f y implies x ≤ y.
Now we shall concentrate on the case in which the ring R is semilocal,
that is, R is semisimple artinian modulo its Jacobson radical JR.
Bass [3] proved that if R is semilocal, then R has 1 in its stable range,
so that finitely generated projective modules cancel from direct sums [10].
Therefore over a semilocal ring R, two modules AR;BR ∈ P-ModR are
stably isomorphic if and only if they are isomorphic; hence AR = AR
for every AR ∈ P-ModR, and K0R+ = S⊕P-ModR (Remark 2.1).
Lemma 2.2. Let R be a semilocal ring and let pi:R → R/JR denote
the canonical projection. Then K0R and K0R/JR are partially ordered
abelian groups andK0pi:K0R → K0R/JR is an embedding of partially
ordered abelian groups with order-unit.
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Proof. From the cancellation property in K0R it is easily seen that
≤ is a partial order on K0R for any semilocal ring R. In particular this
holds for K0R/JR. To show that K0pi is injective it suffices to observe
that if A − B ∈ kerK0pi, then A/AJR − B/BJR = 0, so that
A/AJR ∼= B/BJR. Since A and B are projective and finitely generated,
this forces A ∼= B by [2, Lemma 17.17], and hence A − B = 0.
Let us prove that K0pi is an embedding of partially ordered abelian
groups, that is, x; y ∈ K0R and K0pix ≤ K0piy imply x ≤ y.
Let x = A − B and y = C − D be elements in K0R such that
K0pix ≤ K0piy. Then A/AJR ⊕ D/DJR ⊕ X ∼= B/BJR ⊕
C/CJR for a finitely generated projective R/JR-module X. Hence there
are a projective cover p:A⊕D→ A/AJR ⊕D/DJR and an epimor-
phism q:B ⊕ C → A/AJR ⊕D/DJR. By [2, Lemma 17.17] the mod-
ule B⊕ C has a decomposition B⊕ C = P ′ ⊕ P ′′ with P ′ ∼= A⊕D. Hence
B ⊕ C ∼= A⊕D⊕ P ′′, and P ′′ is finitely generated and projective because
it is a direct summand of B⊕ C. Thus A − B ≤ C − D.
If S is a semisimple artinian ring and n is the number of simple right S-
modules up to isomorphism, then there is an isomorphism h: Nn→ K0S+
that sends the free canonical set of generators e1; : : : ; en of Nn to the set
of generators  NS  NS a simple right S-module  of K0S+.
Remark 2.3. Since e1; : : : ; en is the least set of generators of Nn, any
automorphism of Nn must send e1; : : : ; en into itself. It follows that there
are exactly n! semigroup automorphisms of Nn. Therefore if there is a
semigroup isomorphism h: Nn → K0S+, then there are exactly n! iso-
morphisms Nn→ K0S+, and any such isomorphism necessarily sends the
free canonical set of generators e1; : : : ; en of Nn to the set of generators
 NS  NS a simple right S-module  of K0S+.
Let S be a semisimple artinian ring with exactly n simple right S-modules
up to isomorphism. The semigroup isomorphism h: Nn → K0S+ extends
to an isomorphism of partially ordered groups h: Zn → K0S (we shall des-
ignate by h both isomorphisms Nn → K0S+ and Zn → K0S). Hence if
R is a semilocal ring, n is the number of simple right R-modules up to iso-
morphism, and ≤ is the order on Zn defined by a1; : : : ; an ≤ b1; : : : ; bn
if and only if ai ≤ bi for every i = 1; : : : ; n, then K0R/JR is necessarily
isomorphic to Zn;≤; u for a suitable order-unit u of Zn, that is, an ele-
ment u = u1; : : : ; un in Zn with ui > 0 for every i = 1; : : : ; n. Thus we can
identify K0R/JR with Zn and the elements of K0R with their images
in Zn via K0pi. Therefore, we can suppose K0R ⊆ Zn. With this identi-
fication Lemma 2.2 yields that K0R+ = K0R ∩ Nn, i.e., K0R+ can be
viewed as the subsemigroup of Nn obtained by intersecting the subgroup
K0R of Zn with Nn.
K0 of a semilocal ring 53
3. FULL AFFINE SUBSEMIGROUPS
The aim of this section is to study the semigroups obtained intersecting
a subgroup of a finitely generated free abelian group Zn with the positive
cone Nn. The proof of the next lemma is an easy exercise.
Lemma 3.1. Let M be a subsemigroup of Nn. The following conditions are
equivalent:
(a) There exists a subgroup G of Zn such that M = G ∩Nn.
(b) If M is the subgroup of Zn generated by M, then M ∩Nn ⊆M.
(c) If a; b ∈ M and a ≤ b in Nn, then there exists c ∈ M such that
a+ c = b.
(d) If a; b ∈M, the equation a+ x = b has a solution in M if and only
if it has a solution in Nn.
A subsemigroup M of Nn is said to be a full affine subsemigroup (see,
for example, [17]) if the equivalent conditions of Lemma 3.1 are satisfied.
More generally, if F is a finitely generated, commutative, free semigroup
(i.e., F ∼= Nn for some n), we shall say that a subsemigroup M of F is a
full affine subsemigroup of F if for any a; b ∈ M, the equation a + x = b
has a solution in F if and only if it has a solution in M. If M is an arbi-
trary semigroup, F is a finitely generated, commutative, free semigroup, and
T :M → F is an injective homomorphism of semigroups such that T M
is a full affine subsemigroup of F , we shall say that T is a full affine em-
bedding. For instance, if R is a semilocal ring and pi:R → R/JR is the
canonical projection, we have seen in the last paragraph of Section 2 that
K0pi+ is a full affine embedding of K0R+ into K0R/JR+.
Recall that a subset W of a partially ordered set A;≤ is an antichain
if the elements of W are pairwise incomparable, that is, if w;w′ ∈ W and
w ≤ w′ imply w = w′. For example, for every n ≥ 0 the subset Wn =
0; n; 1; n − 1; 2; n − 2; : : : ; n − 1; 1; n; 0 of N2 is an antichain
of cardinality n + 1 in the partially ordered set N2;≤. Hence there is
not a finite upper bound on the cardinality of the antichains of N2;≤.
Nevertheless, it is well known that every antichain in Nn;≤ is finite [7,
Theorem 9.18].
Lemma 3.2. Let M be a full affine subsemigroup of Nn. Then the following
conditions hold true:
(a) The semigroup M is finitely presented.
(b) M has a least set w1; : : : ; wr of generators.
(c) The set w1; : : : ; wr is an antichain.
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Proof. Let W be the set of all minimal elements of M \ 0. Then W is
an antichain. Since there are no infinite antichains in Nn [7, Theorem 9.18],
the set W is finite. To prove that W generates M, we shall prove that
every element x = x1; : : : ; xn of M belongs to the subsemigroup of Nn
generated by W . The proof is by induction on
Pn
i=1 xi. The case
Pn
i=1 xi =
0 is trivial. Now suppose x = x1; : : : ; xn ∈ M, x 6= 0. Since Nn is an
artinian poset, there exists w = y1; : : : ; yn ∈ W such that w ≤ x. Then
x− w ∈ M because M is a full affine subsemigroup of Nn, and Pni=1 xi >Pn
i=1xi − yi. The inductive hypothesis implies that x− w belongs to the
subsemigroup of Nn generated by W . It follows that M is generated by W .
This proves (a), because every finitely generated commutative semigroup is
finitely presented [7, Theorem 9.28]. To conclude the proof of (b) it suffices
to show that W is contained in any set of generators G of M. Now if w ∈ W
and w = x + x′ for some x; x′ ∈ M, then x; x′ ≤ w, so that either x = w
or x′ = w. Hence the only possible decompositions of w as a sum of two
elements of M are w = w + 0 = 0+ w. Thus w must belong to any set of
generators G of M. Therefore W ⊆ G.
We now consider a family of commutative semigroups Bj that were in-
troduced by Bergman in his paper [4] to construct rings with prescribed
semigroup S⊕.
Definition 3.3. Fix a non-negative integer r and a finite sequence
n1; n2; : : : ; nr of positive integers (not necessarily distinct). For any
j = 0; : : : ; r let Bj denote the commutative semigroup generated by 2j + 1
elements I; p1; q1; : : : ; pj; qj subject to the j relations pi + qi = niI,
i = 1; : : : ; j.
For instance, B0 ∼= N. We shall consider the sequence n1; n2; : : : ; nr of
the previous definition to be fixed throughout the remainder of the paper
to avoid cumbersome notation for the family of semigroups Bj .
Clearly, we have a canonical semigroup homomorphism Bj−1 → Bj for
every j = 1; 2; : : : ; r. If Gj is the free abelian group with basis
I; p1; q1; p2; q2; : : : ; pj; qj
and Hj is the subgroup of Gj generated by the j elements pi + qi − niI,
i = 1; 2; : : : ; j, then for any j = 0; 1; : : : ; r we have a canonical semigroup
homomorphism from Bj to Gj/Hj . In the next lemma we show that these
homomorphisms are injective.
Lemma 3.4. The canonical mapping Bj → Gj/Hj is injective for every
j = 0; 1; 2; : : : ; r.
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Proof. Let a; bi; ci; a′; b
′
i; c
′
i (i = 1; 2; : : : ; j) be non-negative inte-
gers, and suppose that the elements aI + Pji=1 bipi + Pji=1 ciqi and
a′I +Pji=1 b′ipi +Pji=1 c′iqi of Gj have the property that
aI +
jX
i=1
bipi +
jX
i=1
ciqi

−

a′I +
jX
i=1
b′ipi +
jX
i=1
c′iqi

∈ Hj: (2)
It suffices to show that the elements aI +Pji=1 bipi +Pji=1 ciqi and a′I +Pj
i=1 b
′
ipi +
Pj
i=1 c
′
iqi of Bj are equal. Obviously, the j elements pi + qi −
niI, i = 1; 2; : : : ; j; of Gj are a free set of generators for Hj . From (2) it
follows that there exist elements di ∈ Z, uniquely determined, such that
aI +Pi bipi +Pi ciqi − a′I +Pi b′ipi +Pi c′iqi
=Pi dipi + qi − niI (3)
in Gj . Comparing the coefficient of I; pi; qi, we see that a− a′ = −
P
i dini,
bi − b′i = di, and ci − c′i = di for every i = 1; 2; : : : ; j.
Let J be the set of the indices i = 1; : : : ; j such that di ≥ 0, and let K be
the set of the indices i = 1; : : : ; j with di < 0, so that J ∪K = 1; : : : ; j
and J ∩ K = ∅. If we set d′i = −di for every i ∈ K, then for every i ∈ J
we have di ≥ 0, bi = b′i + di and ci = c′i + di, and for every i ∈ K we have
d′i > 0, b
′
i = bi + d′i and c′i = ci + d′i. Set X =
P
i∈J b
′
ipi +
P
i∈K bipi +P
i∈J c
′
iqi +
P
i∈K ciqi. Then in Bj we have
aI +X
i
bipi +
X
i
ciqi = aI +
X
i∈J
bipi +
X
i∈J
ciqi +
X
i∈K
bipi +
X
i∈K
ciqi
= aI +X
i∈J
b′i + dipi +
X
i∈J
c′i + diqi
+X
i∈K
bipi +
X
i∈K
ciqi
= aI +X +X
i∈J
dipi +
X
i∈J
diqi = X + aI +
X
i∈J
diniI
= X + (a+X
i∈J
dini

I;
and, similarly,
a′I +X
i
b′ipi +
X
i
c′iqi = a′I +
X
i∈J
b′ipi +
X
i∈J
c′iqi +
X
i∈K
b′ipi +
X
i∈K
c′iqi
= a′I +X
i∈J
b′ipi +
X
i∈J
c′iqi +
X
i∈K
bi + d′ipi
+X
i∈K
ci + d′iqi
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= a′I +X +X
i∈K
d′ipi +
X
i∈K
d′iqi
= X + a′I +X
i∈K
d′iniI
= X + (a′ +X
i∈K
d′ini

I:
From a − a′ = −Pi dini = Pi∈K d′ini −Pi∈J dini, it follows that a +P
i∈J dini = a′ +
P
i∈K d
′
ini, so that aI +
P
i bipi +
P
i ciqi = a′I +
P
i b
′
ipi +P
i c
′
iqi in Bj . This proves the injectivity.
Note that I; pi; pi + qi − niI  i = 1; 2; : : : ; j is a free set of generators
of Gj , so that Gj/Hj is canonically isomorphic to the free abelian group
G′j of rank j + 1 having I; p1; : : : ; pj as a free set of generators. Thus
Bj is isomorphic to the subsemigroup of G
′
j generated by I; pi; niI − pi 
i = 1; 2; : : : ; j. Similarly, if G′j−1 is the free abelian group of rank j having
I; p1; : : : ; pj−1 as a free set of generators, the semigroup Bj−1 is isomor-
phic to the subsemigroup of G′j−1 ⊆ G′j generated by I; pi; niI − pi  i =
1; 2; : : : ; j − 1. In particular:
Lemma 3.5. The canonical mapping Bj−1 → Bj is injective for every j =
1; 2; : : : ; r.
Remark 3.6. By Lemma 3.5 the semigroup Bj−1 embeds canonically into
Bj . Hence, from now on, we shall view Bj−1 as a subsemigroup of Bj for
every j = 1; 2; : : : ; r. Thus Bj is obtained from Bj−1 by adjoining two new
generators pj; qj and the relation pj + qj = njI.
Our interest in this family of semigroups Bj is motivated by the following
fundamental remark:
Remark 3.7. Suppose that M is a full affine subsemigroup of Nn and u
is an order-unit in Nn such that u ∈ M. Let w1; : : : ; wr be the least set
of generators of M. For every i = 1; : : : ; r there exists a positive integer
ni such that wi < niu. As M is full affine, there exists vi ∈ M such that
wi + vi = niu. Construct the semigroup Br relative to the finite sequence
n1; n2; : : : ; nr . Then there is a unique semigroup homomorphism f :Br →
Nn such that f I = u, f pi = wi, and f qi = vi for every i = 1; : : : ; r.
Obviously, M is the image of the mapping f .
4. A CONSTRUCTION OF SEMILOCAL RINGS
In the commutative case, localization with respect to the complement of
the union of a finite set of prime ideals is the standard way to construct
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semilocal rings. Classical localization with respect to an Ore set has a well-
known generalization to localization that inverts a set of square matrices
(cf. Cohn’s book [9]). As we shall see, this localization also provides a good
method for constructing semilocal rings.
Let ϕ:R → S be a ring homomorphism of an arbitrary ring R into a
semisimple artinian ring S. Let 6 be the set of the matrices over R whose
images in S, that is, the matrices obtained applying the homomorphism ϕ
to each entry, are invertible. Since S is semisimple artinian, 6 is a set of
square matrices. A 6-inverting R-ring is a ring R′ with a homomorphism
R→ R′ such that the image of each matrix in 6 is an invertible matrix over
R′. By [9, Theorem 7.2.1] there exists a universal 6-inverting R-ring, that is, a
6-inverting R-ring λ:R→ R6 such that for any 6-inverting R-ring R→ R′
there is a unique ring homomorphism R6→ R′ completing the diagram. In
particular, there exists a unique ring homomorphism ϕ:R6 → S such that
the following diagram commutes
R S
R6:
ϕ
λ ϕ (4)
Theorem 4.1. Let ϕ:R → S be a surjective ring homomorphism of an
arbitrary ring R onto a semisimple artinian ring S. Let 6 be the set of all
matrices over R whose image is an invertible matrix over S. Let λ:R→ R6 be
the universal 6-inverting R-ring. Then R6 is semilocal, ϕ:R6 → S is surjective,
and kerϕ = JR6, so that ϕ induces an isomorphism of R6/JR6 onto S.
Proof. Apply [8, Theorem 3.1] to conclude that any element of R6
mapped to an invertible element of S via ϕ is already invertible in R6.
Since R6/ kerϕ ∼= S is semisimple artinian, we have that JR6 ⊆
kerϕ. Conversely, if x ∈ kerϕ, then ϕ1 + x is invertible in S, so
that 1 + x is invertible in R6. As kerϕ is a two-sided ideal, we get that
x ∈ JR6. Therefore kerϕ = JR6, and the ring R6 is semilocal.
5. BEHAVIOR OF S⊕P-ModR
We shall construct semilocal rings R with “arbitrary” K0R via suitable
universal 6-inverting rings, i.e., applying Theorem 4.1. To achieve our pur-
pose we need to control the semigroup S⊕P-ModR6. Note that any com-
mutative diagram of the form (4) yields a commutative diagram
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S⊕P-ModR S⊕P-Mod S
S⊕P-ModR6:
S⊕ϕ
S⊕λ S⊕ϕ
(5)
However, it is not possible, in general, to give a description of the semi-
group S⊕P-ModR6 only in terms of the semigroups S⊕P-ModR and
S⊕P-Mod S (cf. [19, p. 56]). Fortunately, as the next result shows, things
work well in the very special situation we are interested in.
Theorem 5.1. Let ϕ:R → S be a surjective ring homomorphism of a
hereditary ring R onto a semisimple artinian ring S. Let 6 be the set of all ma-
trices over R whose image is an invertible matrix over S. Let λ:R → R6 be
the universal 6-inverting R-ring and let ϕ:R6→ S be the induced homomor-
phism. Then
(a) R6 is a semilocal hereditary ring and ϕ is a surjective homomor-
phism with kernel JR6, so that R6/JR6 ∼= S via the isomorphism induced
by ϕ.
(b) If, in addition, the semigroup homomorphism
S⊕ϕ: S⊕P-ModR → S⊕P-Mod S
is a full affine embedding, then
S⊕λ: S⊕P-ModR → S⊕P-ModR6
is a semigroup isomorphism.
Proof. Statement (a) follows from Theorem 4.1, except for the fact that
R6 is hereditary, which is due to Bergman and Dicks [5, Theorem 5.3] (see
also [19, Theorem 4.9]).
Suppose the hypothesis of (b) holds. Using the commutative diagram (5),
we see that the injectivity of S⊕ϕ forces the injectivity of S⊕λ. Hence
we need only prove that S⊕λ is surjective.
Since
S⊕ϕ: S⊕P-ModR → S⊕P-Mod S
is injective and S⊕P-Mod S has the cancellation property, the semigroup
S⊕P-ModR has the cancellation property. Therefore, by Remark 2.1,
K0R+ = S⊕P-ModR and K0S+ = S⊕P-Mod S. Thus the injectivity
of S⊕ϕ and S⊕λ forces the injectivity of K0ϕ:K0R → K0S and
K0λ:K0R → K0R6. As K0S is a partially ordered group, the pre-
order on K0R is actually a partial order.
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Since S is semisimple artinian, we have an isomorphism of partially or-
dered groups h: Zn → K0S. Let u = u1; : : : ; un ∈ Zn be an element such
that hu = S. Consider the map ρ′: Zn → R defined by ρ′a1; : : : ; an =(Pn
i=1 ai

/
(Pn
i=1 ui

, which is clearly a homomorphism of partially ordered
groups. Define the mapping ρ:K0R → R as ρ = ρ′h−1K0ϕ.
By definition ρR = 1, and ρ is a homomorphism of partially ordered
groups because it is a composition of homomorphisms of partially ordered
groups. Moreover, if PR is a nonzero finitely generated projective right
module over R, then K0R+ = S⊕P-ModR implies PR 6= 0, and hence
ρPR = ρ′h−1K0ϕPR > 0. Therefore, according to [19, p. 5], ρ is a
faithful projective rank function, and it is a Sylvester projective rank function
because R is hereditary (cf. [19, p. 11, Theorem 1.11]).
For P and Q finitely generated right projective modules over R and
α:P → Q we define Pα to be the class of the finitely generated pro-
jective right R-modules P ′ such that there exists a commutative diagram
P Q
P ′:
α
Now, following [19, p. 10], let ρα = infP ′∈Pα

ρP ′}. Observe that
in general ρα ≤ minρP; ρQ. In our situation, since ρK+0 R is
contained in a discrete subgroup of R, we have ρα = minP ′∈Pα

ρP ′}.
Let P ′ ∈ Pα be such that ρP ′ = ρα, and let β:P → P ′ and γ:P ′ →
Q be such that γβ = α,
P Q
P ′:
α
β
γ
Then ρβ = ρP ′ and ργ = ρP ′. That is, following [19, p. 10], β is
right full and γ is left full. Hence R has enough right and left full maps with
respect to the projective rank function ρ (cf. [19, p. 15]).
If we identify Rt with the set of t × 1 matrices with entries in R and we
fix a t × t matrix A ∈ 6, then left multiplication by A is a right R-module
homomorphism α:Rt → Rt , and α ⊗R S: St → St is an isomorphism. We
claim that ρα = ρRt. Let P be a finitely generated module in Pα.
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Then for suitable β and γ we have the commutative diagram
Rt Rt
P:
α
β
γ
Since the composite mapping of β ⊗R Sα ⊗R S−1:Rt ⊗R S → P ⊗R S
and γ ⊗R S:P ⊗R S→ Rt ⊗R S is the identity mapping of Rt ⊗R S, there is
an isomorphism P ⊗R S ∼= Rt ⊗R S ⊕ kerγ ⊗R S. Thus
ρP = ρ′h−1K0ϕP = ρ′h−1P ⊗R S
= ρ′h−1Rt ⊗R S + ρ′h−1kerγ ⊗R S
≥ ρ′h−1Rt ⊗R S = ρRt:
This proves that ρα ≥ ρRt. Since we always have that ρα ≤ ρRt,
we deduce that ρα = ρRt, which proves our claim, i.e., 6 is a set of
full maps with respect to ρ, in the terminology of [19, p. 10].
The map ρ6 = ρ′h−1K0ϕ:K0R6 → R extends ρ and is a Sylvester
rank function because R6 is hereditary. By [19, p. 76] ρ6 is the unique
extension of ρ to K0R6.
Now we can apply [19, p. 76, Theorem 5.2] to deduce that if Q is a
finitely generated projective right module over R6, then there exist a finitely
generated projective right R-module P and a finitely generated projective
right R6-module Q0 with ρ6Q0 = 0 such that
Q⊕Rm6 ⊕Q0 ∼= P ⊗R R6;
for some m ∈ N. From ρ′ faithful and ρ6Q0 = 0 it follows that
K0ϕQ0 = 0. But R6/JR6 ∼= S via the isomorphism induced by
ϕ; thus Q0/Q0JR6 = 0, which implies Q0 = 0. Therefore Q ⊕ Rm6 ∼=
P ⊗R R6, from which Q ⊗R6 S ⊕ Rm6 ⊗R6 S ∼= P ⊗R S: Thus the equa-
tion x + S⊕ϕRm = S⊕ϕP has a solution in S⊕P-Mod S. As
S⊕ϕ: S⊕P-ModR → S⊕P-Mod S is a full affine embedding, the
equation y + Rm = P also has a solution P ′ ∈ S⊕P-ModR, i.e.,
P ′ + Rm = P. This implies that P ′ ⊗R R6 = P ⊗R R6 − Rm ⊗R
R6 = Q, which is equivalent to saying that P ′ ⊗R R6 is stably iso-
morphic to Q. Since R6 is semilocal, we have P ′ ⊗R R6 ∼= Q. Therefore
S⊕λP ′ = Q. This proves that S⊕λ is surjective.
For the proof of our main result (Theorem 6.1) we need the following
two theorems due to Bergman [4, Sections 3 and 5]. Recall that if k is a
field and R is a k-algebra, then an R-ringk is a k-algebra S with a k-algebra
homomorphism R→ S.
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Theorem 5.2. (Bergman [4]). Let k be a field and let P be a nonzero
finitely generated projective right module over a k-algebra R. Then there exist
an R-ringk S and an idempotent S-module endomorphism ϕ of P ⊗ S such
that given any R-ringk T and any idempotent T -module endomorphism ψ of
P ⊗ T , there exists a unique homomorphism S → T of R-ringsk such that
ψ = ϕ⊗S T .
Moreover, the commutative semigroup S⊕P-Mod S may be obtained from
S⊕P-ModR by adjoining two new generators P ′ and Q′ and one rela-
tion P ′ + Q′ = P, where P ′ and Q′ are the image and the kernel of ϕ,
respectively.
Finally, if R is hereditary, then so is S.
For example, suppose that k is a field, R is a k-algebra, and the nonzero
finitely generated projective right R-module P is the free R-module RnR,
n ≥ 1. Then the R-ringk S of Theorem 5.2 and the idempotent S-module
endomorphism ϕ of P ⊗ S ∼= SnS are constructed as follows. Let xi; j , i; j =
1; 2; : : : ; n, be n2 indeterminates and let Rxi; j  i; j = 1; 2; : : : ; n  be the
R-ringk gotten by adjoining to R the free set xi; j  i; j = 1; 2; : : : ; n .
Note that the elements of R do not commute with the indeterminates xi; j ,
while the elements of k commute with the xi; j . Let X be the n× n matrix
xi; j. Then S is Rxi; j  i; j = 1; 2; : : : ; n  modulo the two-sided ideal
generated by the n2 relations that are the entries of the matrix X2 −X.
For every element p ∈ Rxi; j  i; j = 1; 2; : : : ; n , let p denote the image
of p in S. Then the matrix X = xi; j is an idempotent n× n matrix with
entries in S. If we view SnS as the set of n× 1 matrices with entries in S and
we let ϕ be the S-module endomorphism of SnS given by left multiplication
by X, it is easily seen that S and ϕ have the universal property in the first
paragraph of the statement of Theorem 5.2. Note that S is generated by
the image of the canonical mapping R → S and the entries of the n × n
idempotent matrix X.
Theorem 5.3. (Bergman [4]). Let k be a field and let P;Q be two nonzero
finitely generated projective right modules over a k-algebra R. Then there exist
an R-ringk S and an S-module isomorphism ϕ:P ⊗ S→ Q⊗ S such that given
any R-ringk T and any T -module isomorphism ψ:P ⊗ T → Q ⊗ T , there
exists a unique homomorphism S→ T of R-ringsk such that ψ = ϕ⊗S T .
Moreover, the commutative semigroup S⊕P-Mod S is obtained from
S⊕P-ModR by imposing the relation P = Q. Finally, if R is hereditary,
then so is S.
The construction of the R-ringk S is the following. Since P and Q are
finitely generated projective R-modules, there exist an idempotent n × n
matrix E and an idempotent m × m matrix F such that P ∼= ERn and
Q ∼= FRm. We may assume that P = ERn and Q = FRm. Observe that
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there are direct sum decompositions Rn = ERn ⊕ 1 − ERn and Rm =
FRm ⊕ 1− FRm.
For any R-ringk T and any matrix A with entries in R, let A′ denote the
matrix with entries in T obtained by applying the homomorphism R→ T
to the entries of A. Then a module homomorphism ψ:P ⊗ T → Q ⊗ T
is uniquely determined by a m × n matrix G with entries in T which left
annihilates 1 − E′ and right annihilates 1 − F′. Similarly, a homomor-
phism ω:Q⊗ T → P ⊗ T is uniquely determined by a n×m matrix H with
entries in T which left annihilates 1− F′ and right annihilates 1− E′.
Let xi; j , yj; i (i = 1; : : : ;m, j = 1; : : : ; n) be 2nm indeterminates and let
X = xi; j, Y = yj; i, so that X and Y are an m× n matrix and an n×m
matrix, respectively. Let Rxi; j; yj; i  i = 1; : : : ;m; j = 1; : : : ; n  be the R-
ringk gotten by adjoining to R the free set of 2nm indeterminates xi; j; yj; i.
Then S is Rxi; j  i = 1; : : : ;m; j = 1; 2 : : : ; n  modulo the two-sided ideal
generated by the relations that are the entries of the matrices X1 − E,
1− FX, Y 1− F, 1− EY , XY − F , YX − E.
For every element p ∈ Rxi; j; yj; i  i = 1; : : : ;m; j = 1; : : : ; n , let p
denote the image of p in S. If X denotes the matrix xi; j with entries
in S, then the homomorphism ϕ:P ⊗ S = E′Sn → Q⊗ S = F ′Sm with the
universal property in the first paragraph of the statement of Theorem 5.3
is the restriction of the S-module homomorphism Sn → Sm given by left
multiplication by X.
6. MAIN THEOREM
Theorem 6.1. Let k be a field, let M be a semigroup, and let T :M →
Nn be a full affine embedding. Assume that u ∈ M is such that T u =
d1; : : : ; dn with d1; : : : ; dn 6= 0. Then there exist a semilocal hereditary k-
algebra R, an isomorphism M → K0R+ that sends u to RR, and an iso-
morphism h: Nn → K0R/JR+, such that if pi:R → R/JR denotes the
canonical projection, then the diagram of commutative semigroups and semi-
group homomorphisms
M
T−→ Nn
↓ ↓ h
K0R+
K0pi+−→ K0R/JR+
(6)
commutes.
The next lemma will be the first step in the proof of our main The-
orem 6.1. For this lemma, we fix a finite sequence n1; : : : ; nr of nonzero
elements of N and denote by B0 ⊂ B1 ⊂ · · · ⊂ Br the semigroups associated
to this sequence (Definition 3.3 and Remark 3.6).
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Lemma 6.2. Let k be a field, let T ′:Br → Nn be a semigroup mor-
phism such that T ′I = d1; : : : ; dn with d1; : : : ; dn 6= 0, and let
S = Md1k × · · · × Mdnk. Then for every j = 0; : : : ; r there exist a
hereditary k-algebra R′j , a surjective k-algebra homomorphism ϕ
′
j:R
′
j → S,
an isomorphism Bj → S⊕P-ModR′j that sends I to R′j, and an iso-
morphism h: Nn → S⊕P-Mod S such that the diagram of commutative
semigroups and semigroup homomorphisms
Bj
T ′ Bj−→ Nn
↓ ↓ h
S⊕P-ModR′j
S⊕ϕ′j−→ S⊕P-Mod S
(7)
commutes.
Proof. The proof is by induction on j, j = 0; : : : ; r. Since S is a k-
algebra, there exists a free associative k-algebra R′0 with an onto homomor-
phism ϕ′0:R
′
0 → S. By [9, Corollary 2.4.3] any right or left ideal of R′0 is free;
therefore R′0 is hereditary, and, by [9, Corollary 1.4.2], any right or left pro-
jective R′0-module is free. Thus B0 ∼= N ∼= S⊕P-ModR′0 via the isomor-
phism g′0:B0 → S⊕P-ModR′0 that sends I to R′0. For every i = 1; : : : ; n,
let Vi be a simple right Mdik-module. Then each Vi can be seen as a sim-
ple right S-module and V1; : : : ; Vn is a complete set of representatives of
the simple right S-modules. Let h: Nn→ S⊕P-Mod S be the isomorphism
that orderly maps the canonical free generators e1; : : : ; en of Nn to the cor-
responding canonical free generators V1; : : : ; Vn of S⊕P-Mod S. Then
the diagram
B0
T ′ B0−→ Nn
g′0 ↓ ↓ h
S⊕P-ModR′0
S⊕ϕ′0−→ S⊕P-Mod S:
(8)
is commutative. This settles the case j = 0.
Assume that 0 < j ≤ r and that R′j−1 and ϕ′j−1:R′j−1 → S have been
constructed, that is, R′j−1 is a hereditary k-algebra and we have the com-
mutative diagram
Bj−1
T ′ Bj−1−→ Nn
g′j−1 ↓ ↓ h
S⊕P-ModR′j−1
S⊕ϕ′j−1−→ S⊕P-Mod S;
(9)
where the vertical arrows are isomorphisms.
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As Bj is obtained from Bj−1 by adjoining the two generators pj , qj and
the relation pj + qj = njI (Remark 3.6), we shall prove that it is possi-
ble to construct a hereditary R′j−1-ringk R
′
j such that S⊕P-ModR′j ∼= Bj
by an application of Theorem 5.2 to the finitely generated projective right
R′j−1-module R′jnj . As we have remarked after the statement of that theo-
rem, R′j is generated by the image of the canonical mapping ej:R
′
j−1 → R′j
and the entries of an idempotent matrix X = xt; s ∈ Mnj R′j. Let P ′j
denote the image of the endomorphism ϕ of R′jnj given by left multipli-
cation by X and let Q′j denote the kernel of ϕ. Then R′jnj = P ′j ⊕ Q′j ,
and, by Theorem 5.2, the commutative semigroup S⊕P-ModR′j may be
obtained from S⊕P-ModR′j−1 by adjoining two new generators P ′j and
Q′j and one relation P ′j + Q′j = njR′j−1. Therefore there is a canoni-
cal isomorphism g′j:Bj → S⊕P-ModR′j that extends the previously exist-
ing isomorphism g′j−1:Bj−1 → S⊕P-ModR′j−1 and maps pj to P ′j and qj
to Q′j.
As pj + qj = njI we have that T ′pj + T ′qj = njT ′I. Let A =
ats be an idempotent matrix in Mnj S such that hT ′pj = ASnj. In
S⊕P-Mod S we have hT ′pj + hT ′qj = njhT ′I = Snj = ASnj +
I −ASnj = hT ′pj + I −ASnj. Since the semigroup S⊕P-Mod S
is cancellative, we can conclude that hT ′qj = I −ASnj.
The universal property of R′j given by Theorem 5.2 yields the existence of
a unique homomorphism ϕ′j:R
′
j → S of R′j−1-ringsk such that ϕ′jxts = ats
for any s; t = 1; : : : ; nj . Therefore S⊕ϕ′jP ′j = ASnj. The equality
R′jnj = P ′j ⊕Q′j implies that
njS⊕ϕ′jR′j = S⊕ϕ′jP ′j + S⊕ϕ′jQ′j:
Since we already know that
hT ′I = S⊕ϕ′jR′j and hT ′pj = S⊕ϕ′jP ′j;
and the semigroup S⊕P-Mod S is cancellative, it follows that
hT ′qj = I −ASnj  = S⊕ϕ′jQ′j:
Hence from diagram (9) we obtain the commutative diagram
Bj
T ′ Bj−→ Nn
g′j ↓ ↓ h
S⊕P-ModR′j
S⊕ϕ′j−→ S⊕P-Mod S:
(10)
Since the composite mapping of the canonical mapping ej:R
′
j−1 → R′j
and ϕ′j:R
′
j → S is the surjective mapping ϕ′j−1:R′j−1 → S, we deduce that
ϕ′j also is surjective.
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We are ready to prove our main result.
Proof of Theorem 6.1 From Remark 3.7 we know that if w1; : : : ; wr
denotes the least set of generators of M, then there exist n1; : : : ; nr ∈ N,
v1; : : : ; vr ∈ M, and a semigroup homomorphism f :Br → M such that
f I = u; f pi = wi and f qi = vi for every i = 1; 2; : : : ; r. Here wi +
vi = niI for every i = 1; 2; : : : ; r, the semigroup Br is constructed relative to
the sequence n1; : : : ; nr; w1; : : : ; wr is an antichain (Lemma 3.2), and, as
we saw in Remark 3.7, all the elements u;wi; vi can be taken to be nonzero.
Since any congruence on a finitely generated commutative semigroup is
finitely generated [7, Sect. 9.3], the kernel of f is a congruence ∼ on Br with
a finite set x1; y1; : : : ; xt; yt of generators. Without loss of generality
we may assume that none of these relations xj; yj in Br × Br is of the
form 0; 0.
For any j = 0; : : : ; t, let fj:Br/x1; y1; : : : ; xj; yj → M be the onto
semigroup homomorphism induced by f , so f0 = f and ft is an isomor-
phism.
Let S =Md1k × · · · ×Mdnk. For every j = 0; 1; 2; : : : ; t we shall now
construct a sequence R0 → R1 → R2 → · · · → Rj of hereditary k-algebras
and k-algebra homomorphisms; a sequence g0:Br → S⊕P-ModR0,
g1:Br/x1; y1 → S⊕P-ModR1; : : : ; gj:Br/x1; y1; x2; y2; : : : ; xj; yj
→ S⊕P-ModRj of semigroup isomorphisms with g0I = R0; and a
surjective homomorphism of k-algebras ϕj:Rj → S that make the following
diagram commute:
Br → Br/x1; y1 → Br/x1; y1; x2; y2 →
g0 ↓ g1 ↓ g2 ↓
S⊕P-ModR0 → S⊕P-ModR1 → S⊕P-ModR2 →
→ : : : → Br/x1; y1; x2; y2; : : : ; xj; yj
T◦fj−→ Nn
↓ gj ↓ h
→ : : : → S⊕P-ModRj
S⊕ϕj−→ S⊕P-Mod S:
(11)
In this diagram h: Nn → S⊕P-Mod S is the canonical semigroup isomor-
phism (already met in the proof of Lemma 6.2) defined by hei = Vi,
where Vi is the unique simple Mdik-module.
We start from the case j = 0. By Lemma 6.2 there exist a hereditary
k-algebra R0, a surjective homomorphism ϕ0:R0 → S, and a commutative
diagram of semigroups and semigroup homomorphisms
Br
T◦f0−→ Nn
g0 ↓ ↓ h
S⊕P-ModR0
S⊕ϕ0−→ S⊕P-Mod S;
(12)
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where the vertical arrow g0 is an isomorphism that sends I to R0. This
settles the case j = 0.
Now suppose R0 → R1 → R2 → · · · → Rj−1 have been defined for some
j = 1; 2; : : : ; t. In particular we have a surjective k-algebra homomorphism
ϕj−1:Rj−1 → S and a commutative diagram
Br/x1; y1; x2; y2; : : : ; xj−1; yj−1
T◦fj−1−→ Nn
gj−1 ↓ ↓ h
S⊕P-ModRj−1
S⊕ϕj−1−→ S⊕P-Mod S:
(13)
Note that both xj and yj remain 6= 0 in Br/x1; y1; x2; y2; : : : ;
xj−1; yj−1, because if, for instance, xj = 0 in Br/x1; y1;
x2; y2; : : : ; xj−1; yj−1, then f yj = f xj = 0 in M, so that Tf yj =
Tf xj = 0 in Nn. But in Br we have that xj = aI +
Pr
i=1 bipi +
Pr
i=1 ciqi
and yj = a′I +
Pr
i=1 b
′
ipi +
Pr
i=1 c
′
iqi for suitable non-negative integers
a; bi; ci; a
′; b′i; c
′
i, and Tf I = T u; Tf pi = T wi; Tf qi = T vi
are 6= 0 in Nn. Thus all the coefficients a; bi; ci; a′; b′i; c′i are 0, so that
xj; yj = 0; 0, contrary to our assumption.
Let Xj;Yj be projective Rj−1-modules such that gj−1xj = Xj and
gj−1yj = Yj. Let Rj be the hereditary Rj−1-ringk such that Xj ⊗Rj−1
Rj ∼= Yj ⊗Rj−1 Rj given by the universal construction of Theorem 5.3. In
particular, S⊕P-ModRj is obtained from S⊕P-ModRj−1 imposing the
new relation Xj = Yj. Thus we obtain a hereditary k-algebra Rj with a
canonical k-algebra homomorphism Rj−1 → Rj that completes the diagram
Br/x1; y1; : : : ; xj−1; yj−1 → Br/x1; y1; : : : ; xj; yj
gj−1 ↓ gj ↓
S⊕P-ModRj−1 → S⊕P-ModRj:
Since T ◦ fj−1xj = T ◦ fj−1yj, the commutativity of diagram (13)
yields
S⊕ϕj−1Xj = S⊕ϕj−1Yj;
that is, Xj ⊗Rj−1 S ∼= Yj ⊗Rj−1 S. By the universal property of the mapping
Rj−1 → Rj (Theorem 5.3), we see that the mapping ϕj−1:Rj−1 → S factors
through Rj , that is, there exists a k-algebra homomorphism ϕj:Rj → S
such that ϕj−1 is equal to the composite mapping Rj−1 → Rj
ϕj−→S. Note
that ϕj−1 surjective forces ϕj surjective. Hence the diagram
Br/x1; y1; : : : ; xj−1; yj−1→Br/x1; y1; : : : ; xj; yj
T◦fj−→ Nn
gj−1 ↓ gj ↓ ↓ h
S⊕P-ModRj−1 → S⊕P-ModRj
S⊕ϕj −→ S⊕P-Mod S
is commutative. This completes the construction of diagram (11).
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Since ft :Br/x1; y1; x2; y2; : : : ; xt; yt → M is an isomorphism,
from diagram (11) we obtain an isomorphism g = gt ◦ f−1t :M → S⊕P-
ModRt such that gu = Rt and a commutative diagram
M
T−→ Nn
g ↓ ↓ h
S⊕P-ModRt
S⊕ϕt −→ S⊕P-Mod S:
(14)
Finally, to get a semilocal hereditary k-algebra we apply Theorem 5.1
to the surjective ring homomorphism ϕt :Rt → S. Let 6 be the set of all
matrices over Rt whose image is an invertible matrix over S, let λ:Rt →
Rt6 be the universal 6-inverting Rt-ring, and let ϕt : Rt6 → S be the
induced homomorphism. By Theorem 5.1, the ring R = Rt6 is a semilocal
hereditary k-algebra, ϕt is a surjective homomorphism with kerϕt = JR,
and in the commutative diagram
S⊕P-ModRt S⊕P-Mod S
S⊕P-ModR;
S⊕ϕt 
S⊕λ S⊕ϕt
(15)
the map S⊕λ is a semigroup isomorphism.
Now diagrams (14) and (15) yield the commutative diagram
M
T−→ Nn
↓ ↓ h′
S⊕P-ModR
S⊕pi−→ S⊕P-ModR/JR:
Since R and R/JR are semilocal, we have that S⊕P-ModR = K0R+
and S⊕P-ModR/JR = K0R/JR+, which concludes the proof of our
theorem.
In the next theorem we show that Theorem 6.1 can be stated for sub-
groups of Zn and K0 of semilocal rings.
Theorem 6.3. Let k be a field, let u = d1; : : : ; dn be an order-unit in
Zn;≤, let G be a partially ordered subgroup of Zn;≤ with u ∈ G, and
let f :G → Zn be the embedding. Then there exist a semilocal hereditary k-
algebra R and two isomorphisms of partially ordered groups with order-unit
G→ K0R and h: Zn → K0R/JR, such that if pi:R→ R/JR denotes
the canonical projection, then the diagram
G
f−→ Zn
↓ ↓ h
K0R
K0pi−→ K0R/JR
(16)
commutes.
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Proof. As f :G → Zn is an embedding of partially ordered groups,
f G+ = f G ∩ Nn, so f G+ :G+ → Zn embeds G+ as a full affine sub-
semigroup of Nn (Lemma 3.1(a)). By Theorem 6.1 there exist a semilo-
cal hereditary k-algebra R and isomorphisms G+ → K0R+ and h: Zn →
K0R/JR such that the diagram of commutative semigroups and semi-
group homomorphisms
G+
f G+−→ Zn
↓ ↓ h
K0R+ −→ K0R/JR
(17)
commutes. The isomorphism h maps the free canonical set of generators
e1; : : : ; en of the abelian group Zn to the free canonical set of gener-
ators  NR  NR a simple R-module  of K0R/JR. In particular, the
subgroup f G+ of Zn generated by f G+ is isomorphic via h to the
subgroup of K0R generated by K0R+. Hence from diagram (17) we
obtain a commutative diagram
G+ −→ f G+ −→ Zn
↓ ↓ ↓ h
K0R+ −→ K0R
K0pi−→ K0R/JR:
(18)
Now we only have to show that G ∼= f G+ via the mapping f :G→ Zn,
i.e., we must prove that f G = f G+. The inclusion f G ⊇ f G+
is obvious. For the converse, note that if x ∈ G, there exists a positive
integer t such that x+ tu ≥ 0. Thus x + tu; tu ∈ G+, from which f x =
f x+ tu − f tu ∈ f G+, as desired.
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